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THIS IS ONLY AN OVERVIEW

• Explore the library
• Read the paper(s) (Correct and Complete Type Checking and Certified Erasure for Coq,
in Coq, currently only on HAL)

• Ask on the dedicated stream on the COQ Zulip
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https://coq.zulipchat.com/#narrow/stream/237658-MetaCoq


TEMPLATE COQ



TEMPLATE COQ

• the entry point for meta-programming
• very close to COQ’s kernel (e.g. constr.ml for the datatype of terms)

Main datastructures:

• terms
• (local) context
• (global) environment
• representation of universes
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TEMPLATE COQ

TERMS



TERMS (I)

Inductive term : Type :=
| tRel (n : nat)
| tVar (id : ident)
| tEvar (ev : nat) (args : list term)
| tSort (s : sort)
| tCast (t : term) (kind : cast_kind) (v : term)
| tProd (na : aname) (ty : term) (body : term)
| tLambda (na : aname) (ty : term) (body : term)
| tLetIn (na : aname) (def : term) (def_ty : term) (body : term)
| tApp (f : term) (args : list term)
| tConst (c : kername) (u : Instance.t)
…
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Variable (de Bruijn index)
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Named variable (for goals)
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Existential variable (with a substitution)
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Universe (Prop/Set/Type), more on this later
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Type casting (t : A) (kind tells COQ which conversion algorithm to use)
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Dependent product type (forall x : A, B) (aname stores the name + relevance)
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Function (fun x : A => B)
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Let binder (let x := t : A in u)
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n-ary application, use the smart mkApps : term -> list term -> term
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Global constant (definition or axiom)
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TERMS (II)

…
| tInd (ind : inductive) (u : Instance.t)
| tConstruct (ind : inductive) (idx : nat) (u : Instance.t)
| tCase (ci : case_info) (type_info : predicate term)

(discr : term) (branches : list (branch term))
| tProj (proj : projection) (t : term)
| tFix (mfix : mfixpoint term) (idx : nat)
| tCoFix (mfix : mfixpoint term) (idx : nat)
…

(Co)inductive type: inductive = a kername + an integer to identify the type, and
Instance.t is for universe polymorphic inductive types
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(Co)inductive constructor
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TERMS (II)

…
| tInd (ind : inductive) (u : Instance.t)
| tConstruct (ind : inductive) (idx : nat) (u : Instance.t)
| tCase (ci : case_info) (type_info : predicate term)

(discr : term) (branches : list (branch term))
| tProj (proj : projection) (t : term)
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…

Pattern-matching match discr as … in … return P with branches end
ci contains basic info (the inductive, its number of parameters…)
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TERMS (II)

…
| tInd (ind : inductive) (u : Instance.t)
| tConstruct (ind : inductive) (idx : nat) (u : Instance.t)
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…

Projection t.(proj)
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TERMS (II)

…
| tInd (ind : inductive) (u : Instance.t)
| tConstruct (ind : inductive) (idx : nat) (u : Instance.t)
| tCase (ci : case_info) (type_info : predicate term)

(discr : term) (branches : list (branch term))
| tProj (proj : projection) (t : term)
| tFix (mfix : mfixpoint term) (idx : nat)
| tCoFix (mfix : mfixpoint term) (idx : nat)
…

(Mutual) (co)fixed point: mfixpoint is a list of mutually-defined functions (bodies +
types), idx is the function focused in the list
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TERMS (III)

…
| tInt (i : PrimInt63.int)
| tFloat (f : PrimFloat.float)
| tArray (u : Level.t) (arr : list term) (default : term) (type : term).

Primitive datatypes.
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EXAMPLE

fun x : nat => x

tLambda
{| binder_name := nNamed "x"; binder_relevance := Relevant |}
(tInd
{|
inductive_mind := (MPfile ["Datatypes"; "Init"; "Coq"], "nat");
inductive_ind := 0

|}
[])

(tRel 0)

MetaCoq Quote is your friend!
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OPERATIONS ON TERMS

(Parallel) substitution subst : list term -> nat -> term -> term
subst l i t substitutes l for the variables tRel i, tRel (S i)… in t.
t{j := u} for unary substitution

Lifting lift : nat -> nat -> term -> term
lift n k t lifts variable after the k-th by n
Typical usage: lift0 n := (lift n 0), to move from Γ to Γ,,,Δ (if #|Δ| = n).

Universe substitution
subst_instance:forall {A : Type}, UnivSubst A -> Instance.t -> A -> A
Type-class, for all objects containing universe levels that can be substituted
Notation t@[u]
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TEMPLATE COQ

CONTEXTS AND ENVIRONMENTS



LOCAL CONTEXT

Usually written Γ, changes during type-checking.

Record context_decl : Type := mkdecl
{ decl_name : aname; decl_body : option term; decl_type : term }.

Definition context := list context_decl.

Beware: it can contain local definitions!

Written in snoc fashion:

Γ ,, vass na A Γ ,, vdef na t A Γ ,,, Δ
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GLOBAL ENVIRONMENT

Fixed during type-checking, extended at each new definition. Rougly:

Inductive global_decl :=
| ConstantDecl : constant_body -> global_decl (* Definition or Axiom *)
| InductiveDecl : mutual_inductive_body -> global_decl.

(* (Co)inductive/record type *)

Record global_env :=
{ universes : ContextSet.t; (* Universe levels + constraints *)
declarations : list (kername * global_decl)
retroknowledge : Retroknowledge.t (* For primitive types *)}.

Definitions are done in a global_env + universes:

Definition global_env_ext : Type := global_env * universes_decl.
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DECLARATIONS

Record constant_body := {
cst_type : term;
cst_body : option term;
cst_universes : universes_decl; (* For polymorphic universes *)
cst_relevance : relevance (* For SProp *) }.

I will spare you the inductive declarations mutual_inductive_body…
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TEMPLATE COQ

UNIVERSES



UNIVERSES

To have a vague idea of what happens under the hood: hopefully, you will not need to
touch it too much.
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LEVELS AND SORTS

Inductive Level : Set :=
| lzero (* represents Set *)
| level (s : string) (* global/monomorphic level *)
| lvar (n : N). (* local/polymorphic level *)

Definition LevelExpr := Level × nat.
…
Inductive sort :=

sProp | sSProp | sType nonEmptyLevelExprSet.

In reality, some indirections. Using the MSet library for efficient implementations of sets.

Example: Prop is represented as tSort sProp, Set as (roughly)
tSort (sType (singleton (lzero,0)))…
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CONSTRAINT SETS

Inductive ConstraintType : Set := Le (z : Z) | Eq.
Definition UnivConstraint : Set := Level ∗ ConstraintType ∗ Level.

Mostly used through

leq_sort : UnivConstraintSet.t -> sort -> sort -> Prop

and similar accessors (eq_sort, leq_universe…).

Coercion global_ext_constraints : global_env_ext >-> ConstraintSet.t.
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POLYMORPHIC UNIVERSES

Inductive universes_decl : Type :=
Monomorphic_ctx : universes_decl
| Polymorphic_ctx : list name × ConstraintSet.t -> universes_decl.

Definition Instance : Set := list Level.
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REDUCTION, CUMULATIVITY, TYPING



REDUCTION, CUMULATIVITY, TYPING

REDUCTION



REDUCTION (I)

Inductive red1 (Σ : global_env) (Γ : context) : term -> term -> Type :=
| red_beta na t b a l :
red1 Σ Γ (tApp (tLambda na t b) (a :: l)) (mkApps (subst10 a b) l)

| red_zeta na b t b' :
red1 Σ Γ (tLetIn na b t b') (subst10 b b')

| red_rel i body :
option_map decl_body (nth_error Γ i) = Some (Some body) ->
red1 Σ Γ (tRel i) (lift0 (S i) body)

| red_delta c decl body (isdecl : declared_constant Σ c decl) u :
decl.(cst_body) = Some body ->
red1 Σ Γ (tConst c u) (subst_instance u body)

…
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REDUCTION (II)

…
| red_fix mfix idx args narg fn :
unfold_fix mfix idx = Some (narg, fn) ->
is_constructor narg args = true ->
red1 Σ Γ (tApp (tFix mfix idx) args) (mkApps fn args)

| red_cofix_case ip p mfix idx args narg fn brs :
unfold_cofix mfix idx = Some (narg, fn) ->
red1 Σ Γ (tCase ip p (mkApps (tCoFix mfix idx) args) brs)

(tCase ip p (mkApps fn args) brs)

| red_cofix_proj p mfix idx args narg fn :
unfold_cofix mfix idx = Some (narg, fn) ->
red1 Σ Γ (tProj p (mkApps (tCoFix mfix idx) args))

(tProj p (mkApps fn args))
…
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REDUCTION (III)

…
| red_iota ci mdecl idecl cdecl c u args p brs br :

nth_error brs c = Some br ->
…
red1 Σ Γ (tCase ci p (mkApps (tConstruct ci.(ci_ind) c u) args) brs)

(iota_red ci.(ci_npar) args bctx br)

| red_proj p u args arg:
nth_error args (p.(proj_npars) + p.(proj_arg)) = Some arg ->
red1 Σ Γ (tProj p (mkApps (tConstruct p.(proj_ind) 0 u) args)) arg

…

| app_red_l t t' u : red1 Σ Γ t t' -> red1 Σ Γ (tApp t u) (mkApps t' u)
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REDUCTION (III)

…
| red_iota ci mdecl idecl cdecl c u args p brs br :

nth_error brs c = Some br ->
…
red1 Σ Γ (tCase ci p (mkApps (tConstruct ci.(ci_ind) c u) args) brs)

(iota_red ci.(ci_npar) args bctx br)

| red_proj p u args arg:
nth_error args (p.(proj_npars) + p.(proj_arg)) = Some arg ->
red1 Σ Γ (tProj p (mkApps (tConstruct p.(proj_ind) 0 u) args)) arg

…

| app_red_l t t' u : red1 Σ Γ t t' -> red1 Σ Γ (tApp t u) (mkApps t' u)

18/31



REDUCTION, CUMULATIVITY, TYPING

CUMULATIVITY



CUMULATIVITY

Least

• congruence and equivalence relation
• containing red1
• cumulative:
| cumul_Sort : forall s s',
leq_sort Σ s s' ->
Σ ;;; Γ ⊢ tSort s <= tSort s'

In practice, two presentations:

• as an inductive relation, in one go (“specification”)
• via reduction to terms equal up to universes (“algorithmic”)
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REDUCTION, CUMULATIVITY, TYPING

TYPING



TYPING (I)

Inductive typing (Σ : global_env_ext) (Γ : context) : term -> term -> Type :=
| type_Rel n decl :

wf_local Σ Γ ->
nth_error Γ n = Some decl ->
Σ ;;; Γ |- tRel n : lift0 (S n) decl.(decl_type)

| type_Sort s :
wf_local Σ Γ ->
wf_sort Σ s ->
Σ ;;; Γ |- tSort s : tSort (Sort.super s)

…

| type_Lambda na A t s B :
Σ ;;; Γ |- A : tSort s ->
Σ ;;; Γ ,, vass na A |- t : B ->
Σ ;;; Γ |- tLambda na A t : tProd na A B
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TYPING (II)

| type_LetIn na A t s u B :
Σ ;;; Γ |- A : tSort s ->
Σ ;;; Γ |- t : A ->
Σ ;;; Γ ,, vdef na t A |- u : B ->
Σ ;;; Γ |- tLetIn na t A u : tLetIn na t A B

| type_App t l t_ty t' :
Σ ;;; Γ |- t : t_ty ->
isApp t = false -> l <> [] -> (* Well-formed application *)
typing_spine Σ Γ t_ty l t' ->
Σ ;;; Γ |- tApp t l : t'

(*
| type_App : forall t na A B u,
Σ ;;; Γ |- t : tProd na A B ->
Σ ;;; Γ |- u : A ->
Σ ;;; Γ |- tApp t u : B{0 := u} *)
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TYPING (III)

| type_Const cst u :
wf_local Σ Γ ->
forall decl (isdecl : declared_constant Σ.1 cst decl),
consistent_instance_ext Σ decl.(cst_universes) u ->
Σ ;;; Γ |- (tConst cst u) : (decl.(cst_type))@[u]

…
| type_Conv t A B s :

Σ ;;; Γ |- t : A ->
Σ ;;; Γ |- B : tSort s ->
Σ ;;; Γ |- A <= B -> Σ ;;; Γ |- t : B
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TYPING (IV)

| type_Case (ci : case_info) p c brs indices ps mdecl idecl :
let predctx := case_predicate_context ci.(ci_ind) mdecl idecl p in
let ptm := it_mkLambda_or_LetIn predctx p.(preturn) in
declared_inductive Σ ci.(ci_ind) mdecl idecl ->
case_side_conditions Σ Γ ci p ps mdecl idecl indices predctx ->
Σ ;;; Γ ++ predctx |- p.(preturn) : tSort ps ->
Σ ;;; Γ |- c : mkApps (tInd ci.(ci_ind) p.(puinst)) (p.(pparams) ++ indices) ->
case_branch_typing Σ Γ ci p ps mdecl idecl ptm brs ->
Σ ;;; Γ |- tCase ci p c brs : mkApps ptm (indices ++ [c])

| type_Proj p c u mdecl idecl cdecl pdecl args :
declared_projection Σ p mdecl idecl cdecl pdecl ->
#|args| = ind_npars mdecl ->
Σ ;;; Γ |- c : mkApps (tInd p.(proj_ind) u) args ->
Σ ;;; Γ |- tProj p c : subst0 (c :: List.rev args) (pdecl.(proj_type))@[u]
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TYPING (V)

| type_Fix mfix n decl :
fix_guard Σ Γ mfix ->
nth_error mfix n = Some decl ->
wf_local Σ Γ ->
All (on_def_type (lift_typing1 (typing Σ)) Γ) mfix ->
All (on_def_body (lift_typing1 (typing Σ)) (fix_context mfix) Γ) mfix ->
wf_fixpoint Σ mfix ->
Σ ;;; Γ |- tFix mfix n : decl.(dtype)

…
| type_Int p prim_ty cdecl :

wf_local Σ Γ ->
primitive_constant Σ primInt = Some prim_ty ->
declared_constant Σ prim_ty cdecl ->
primitive_invariants primInt cdecl ->
Σ ;;; Γ |- tInt p : tConst prim_ty []

…
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ENVIRONMENT TYPING

• names should be unique
• everything should be well-typed
• extra conditions on inductive types:

• positivity (no general recursive types!)
• cumulative universes
• allowed elimination
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MECHANIZED META-THEORY



PCUIC

A slightly simplified version of Template, better suited for meta-theory

Template
Coq PCUIC Metatheory

unquote PCUICToTemplate

quote TemplateToPCUIC
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META-THEORY

Substitution
• substitution calculus
• universe and term substitution for cumulativity, typing, etc.

Confluence & Simulation
𝑡

𝑡1 𝑡2
𝑢

⋆ ⋆

⋆⋆

𝑡 leq_term 𝑢

𝑡′ leq_term 𝑢′

Subject reduction
Theorem subject_reduction Σ Γ t u T :

wf Σ -> Σ ;;; Γ |- t : T -> Σ ;;; Γ |- t ~> u -> Σ ;;; Γ |- u : T.
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NORMALISATION

Axiomatized!

Class GuardCheckerCorrect :=
{
guard_red1 b Σ Γ mfix mfix' idx :
Σ ;;; Γ |- tFixCoFix b mfix idx ~>
tFixCoFix b mfix' idx ->

guard b Σ Γ mfix -> guard b Σ Γ mfix' ;
…

}.
Axiom guard_checking_correct : GuardCheckerCorrect.

Axiom Normalization : forall Σ Γ t,
wf_ext Σ -> welltyped Σ Γ t -> Acc (cored Σ Γ) t.
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ALGORITHMIC JUDGMENTS & THE SAFE-CHECKER

PCUIC Algorithmic
Presentation

Safe
Checker

Soundness

Completeness

Algorithmic:

• cumulativity = based on reduction and leq_term
• typing = bidirectional

Equations check Σ Γ t A : || wf_ext Σ || -> || wf_local Σ Γ || ->
: typing_result_comp (|| Σ;;; Γ |- t : A ||) := …
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ERASURE & EXTRACTION

𝜆□
Inductive E.term : Set :=
| tBox (* Represents all proofs *)
| tRel (n : nat)
…

Erasure: removes types and proofs
Equations? erase Σ Γ t (Ht : welltyped Σ Γ t) : E.term :=

{ erase Γ t Ht with inspect_bool (is_erasableb Σ Γ t Ht) :=
{ | left he := E.tBox;

| right he with t := {
| tRel i := E.tRel i
…
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THERE’S MORE TO COME!

Actively worked on:

• Guard and normalisation
• Support for η rules
• Sort polymorphism
• Modules
• …
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