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A PLEA FOR STRONGER FRAMEWORKS

The power of dependent type theory: Say what we mean.

(Co)Inductive types

Fancy pattern-matching

Universes

(Strong) records

Proof irrelevance

(Computable) univalence

Modalities

Subtyping
Observational equality

Gradual typing

…

We should embrace this…
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PROOF ASSISTANTS SHOULD EAT THEMSELVES

… but also keep high safety guarantees.

The de Bruijn architecture is a perfect target for certification!
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WHAT IS SO HARD?

COQ’s kernel is only ∼20kLoC of pure functional code. Surely it can’t be that difficult?

Dependent type theory + Invariants
=
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BIDIRECTIONAL TYPING



SPECIFYING PROOF ASSISTANTS

??

Logical formalism: CIC, MLTT, HOL…

Proof assistant (kernel):
COQ, AGDA, LEAN, ISABELLE, HOL4…

User manualMetatheory, models

Automation User interaction
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BOUNDARIES AND INVARIANTS

A typing judgment Γ ⊢ 𝑡 : 𝐴 has boundaries. What about their well-formation?

Cautiousness: globally enforce well-formation

⊢ Γ (𝑥: 𝐴) ∈ Γ
Γ ⊢ 𝑥 : 𝐴

Γ, 𝑥: 𝐴 ⊢ 𝑡 : 𝐵
Γ ⊢ λ 𝑥: 𝐴.𝑡 : Π 𝑥: 𝐴.𝐵

Uncautiousness? Well-formation as an invariant

(𝑥: 𝐴) ∈ Γ
Γ ⊢ 𝑥 : 𝐴

Γ ⊢ 𝐴 Γ, 𝑥: 𝐴 ⊢ 𝑡 : 𝐵
Γ ⊢ λ 𝑥: 𝐴.𝑡 : Π 𝑥: 𝐴.𝐵
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WELL-FORMATION MUST FLOW

Inference and checking
Γ ⊢ 𝑡 : 𝐴 separates into

inference: Γ ⊢ 𝑡 ▷ 𝐴 checking: Γ ⊢ 𝑡 ◁ 𝐴
Similar meaning, different modes: input/subject/output.

McBride: A rule is a server for its conclusion and a client for its premises.

• In a conclusion, you assume inputs are well-formed, and ensure outputs are
• In a premise, you ensure inputs are well-formed, and assume outputs are
• Modes guide invariant preservation
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STRUCTURE!

Γ ⊢ 𝑡 : Π 𝑥: 𝐴.𝐵 Γ ⊢ 𝑢 : 𝐴
Γ ⊢ 𝑡 𝑢 : 𝐵[𝑢]

Γ ⊢ 𝑡 ▷r Π𝑥: 𝐴.𝐵 Γ ⊢ 𝑢 ◁ 𝐴
Γ ⊢ 𝑡 𝑢 ▷ 𝐵[𝑢]

Γ ⊢ 𝑡 : 𝑇 Γ ⊢ 𝑇 ≅ 𝑇 ′
Γ ⊢ 𝑡 : 𝑇 ′

Γ ⊢ 𝑡 ▷ 𝑇 Γ ⊢ 𝑇 ≅ 𝑇 ′
Γ ⊢ 𝑡 ◁ 𝑇 ′

Γ ⊢ 𝑡 ▷ 𝑇 Γ ⊢ 𝑇 →⋆ 𝑇 ′
Γ ⊢ 𝑡 ▷r 𝑇 ′

• Clear information flow
• Different modes command different computation judgments (→⋆ vs ≅)
• No free conversion thanks to the judgments’ structure
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NOTHING HAS CHANGED

Bidirectional typing is correct
Soundness: if ⊢ Γ and Γ ⊢ 𝑡 ▷ 𝑇 then Γ ⊢ 𝑡 : 𝑇
Completeness: if Γ ⊢ 𝑡 : 𝑇 , there exists 𝑇 ′ such that Γ ⊢ 𝑡 ▷ 𝑇 ′ and Γ ⊢ 𝑇 ′ ≅ 𝑇

Key properties:

• injectivity: if Γ ⊢ Π 𝑥: 𝐴. 𝐵 ≅ Π 𝑥: 𝐴′. 𝐵′, then Γ ⊢ 𝐴 ≅ 𝐴′ and Γ, 𝑥: 𝐴 ⊢ 𝐵 ≅ 𝐵′
• reduction finds constructors: if Γ ⊢ 𝑇 ≅ Π 𝑥: 𝐴. 𝐵 then Γ ⊢ 𝑇 →⋆ Π𝑥: 𝐴′. 𝐵′
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*T&C apply
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ROADMAP



ROADMAP

Systems
complexity

STλC CoC MLTT PCUIC COQ,
LEAN…

AGDA

Properties

Injectivities

Normalisation

Certified implementation

Martin-Löf
à la COQ

AÖV18WB18

Coq in
Coq

Incompleteness

10/30



NORMALISATION

• every reduction path 𝑡0 → 𝑡1 → 𝑡2 → … is finite
• there is exactly one normal form 𝑡 ∈ Nf in each equivalence class for ≅

The mother of all properties:

• decidability of conversion
• canonicity
• consistency
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PROOF-THEORETIC STRENGTH VS EXPRESSIVITY

Coq in Coq (Barras et al. 1997): certified type-checker for the CoC, in COQ.

CoC is proof-theoretically stronger than AGDA, close to COQ. Time to change subject?

Proof-theoretic strength is not the same as expressivity!

Turing-completeness vs “real” language.
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GÖDEL’S 2ND INCOMPLETENESS THEOREM

COQ in COQ?

An object type theory T in a (slightly) stronger meta type theory T ′.

15/30



GÖDEL’S 2ND INCOMPLETENESS THEOREM

COQ in COQ?

An object type theory T in a (slightly) stronger meta type theory T ′.

15/30



GÖDEL’S 2ND INCOMPLETENESS THEOREM

COQ in COQ?
An object type theory T in a (slightly) stronger meta type theory T ′.

15/30



ROADMAP

Systems
complexity

STλC CoC

MLTT PCUIC

COQ,
LEAN…

AGDA

Properties

Injectivities

Normalisation

Certified implementation

Martin-Löf
à la COQ

AÖV18WB18

Coq in
Coq

Incompleteness

16/30



THE METACOQ PROJECT
Jww. M. SOZEAU, Y. FORSTER, J. BOTCH NIELSEN,

N. TABAREAU, T. WINTERHALTER…



METACOQ IN A NUTSHELL

The Predicative Calculus of Universe-Polymorphic Inductive Constructions (PCUIC)
A dependent type theory with
• Very general (co-)inductive types
• Pattern-matching and fixed-points
• Complex universes + cumulativity
• …

COQ, in COQ (bis)
• Formalized meta-theory of PCUIC
• Normalization axiom to implement a certified type-checker (T ′ = T + Norm(T ))
• Certified extraction, meta-programming…

17/30



Inductive term : Type :=
| tRel (n : nat)
| tVar (id : ident)
| tEvar (ev : nat) (args : list term)
| tSort (s : sort)
| tCast (t : term) (kind : cast_kind) (v : term)
| tProd (na : aname) (ty : term) (body : term)
| tLambda (na : aname) (ty : term) (body : term)
| tLetIn (na : aname) (def : term) (def_ty : term) (body : term)
| tApp (f : term) (args : list term)
| tConst (c : kername) (u : Instance.t)
| tInd (ind : inductive) (u : Instance.t)
| tConstruct (ind : inductive) (idx : nat) (u : Instance.t)
| tCase (ci : case_info) (type_info : predicate term)

(discr : term) (branches : list (branch term))
| tProj (proj : projection) (t : term)
| tFix (mfix : mfixpoint term) (idx : nat)
| tCoFix (mfix : mfixpoint term) (idx : nat)
| tInt (i : PrimInt63.int)
| tFloat (f : PrimFloat.float)
| tArray (u : Level.t) (arr : list term) (default : term) (type : term). 18/30



METACOQ IN A NUTSHELL
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META-THEORY OF PCUIC

• Substitution lemmas (terms, universes)
• Confluence (parallel reduction à la Tait-Martin-Löf, following Takahashi ’95)
• Injectivities & reduction finds constructors
• Preservation & progress
• Bidirectional typing

Main challenge = scaling standard techniques

Works because cumulativity is untyped and purely computational:

𝑇 𝑈
Γ ⊢ 𝑇 ⪯ 𝑈 ⇔

𝑇 ′ ≤U 𝑈 ′⋆ ⋆
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A CORRECT AND COMPLETE KERNEL

PCUIC

Bidirectional
Presentation

Kernel

Soundness

Deep in the proof, we realized… it was false!

→ re-design of pattern-matching in COQ, backed by METACOQ.
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AND NOW?

We have a fully certified, extracted kernel!

But:

• no normalisation;
• untyped conversion (not what semanticists like);
• no extensionality equations (η-laws!).
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TYPED CONVERSION

REFL
Γ ⊢ 𝑡 : 𝐴

Γ ⊢ 𝑡 ≅ 𝑡 : 𝐴 SYM
Γ ⊢ 𝑡 ≅ 𝑢 : 𝐴
Γ ⊢ 𝑢 ≅ 𝑡 : 𝐴 TRANS

Γ ⊢ 𝑡 ≅ 𝑢 : 𝐴 Γ ⊢ 𝑢 ≅ 𝑣 : 𝐴
Γ ⊢ 𝑡 ≅ 𝑣 : 𝐴

APPCONG
Γ ⊢ 𝑡 ≅ 𝑡′ : Π 𝑥: 𝐴.𝐵 Γ ⊢ 𝑢 ≅ 𝑢′ : 𝐴

Γ ⊢ 𝑡 𝑢 ≅ 𝑡′ 𝑢′ : 𝐵[𝑢]

βFUN

Γ ⊢ 𝐴 Γ, 𝑥: 𝐴 ⊢ 𝐵
Γ, 𝑥: 𝐴 ⊢ 𝑡 : 𝐵 Γ ⊢ 𝑢 : 𝐴
Γ ⊢ (λ 𝑥: 𝐴.𝑡) 𝑢 ≅ 𝑡[𝑢] : 𝐵[𝑢] ηFUN

Γ ⊢ 𝑓 : Π 𝑥: 𝐴.𝐵
Γ ⊢ 𝑓 ≅ 𝜆𝑥: 𝐴.𝑓 𝑥 : Π 𝑥: 𝐴.𝐵 …

It's bidirectional too!
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CONVERSION CHECKS, NEUTRAL COMPARISON INFERS

Conversion ≅ checks

Γ ⊢ 𝑡 →⋆ 𝑡′ : 𝐴 Γ ⊢ 𝑢 →⋆ 𝑢′ : 𝐴 Γ ⊢ 𝐴 →⋆ 𝐴′ Γ ⊢ 𝑡′ ≅h 𝑢′ ◁ 𝐴′

Γ ⊢ 𝑡 ≅ 𝑢 ◁ 𝐴
Γ, 𝑥: 𝐴 ⊢ 𝑓 𝑥 ≅ 𝑔 𝑥 ◁ 𝐵
Γ ⊢ 𝑓 ≅h 𝑔 ◁ Π 𝑥: 𝐴. 𝐵

Γ ⊢ 𝑡 ≅ 𝑡′ ◁ 𝐍
Γ ⊢ S(𝑡) ≅h S(𝑡′) ◁ 𝐍

Γ ⊢ 𝑛 ≈ 𝑛′ ▷ 𝑇
Γ ⊢ 𝑛 ≅h 𝑛′ ◁ 𝐍

Neutral comparison ≈ infers

Γ ⊢ 𝑚 ≈ 𝑛 ▷r Π𝑥: 𝐴. 𝐵 Γ ⊢ 𝑡 ≅ 𝑢 ◁ 𝐴
Γ ⊢ 𝑚 𝑡 ≈ 𝑛 𝑢 ▷ 𝐵[𝑡]

(𝑥: 𝐴) ∈ Γ
Γ ⊢ 𝑥 ≈ 𝑥 ▷ 𝐴
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CORRECTNESS

Soundness
Injectivity to preserve invariants.

Completeness
Symmetry, transitivity, conversion: tricky but doable…

Reflexivity: Γ ⊢ 𝑡 : 𝐴 ⇒ Γ ⊢ 𝑡 ≅ 𝑡 : 𝐴 ⇒ Γ ⊢ 𝑡 ≅ 𝑡 ◁ 𝐴 is basically normalisation!

One word: logical relations.
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BACK TO UNTYPED CONVERSION

But COQ’s cumulativity check is untyped?

MLTT
specification

Typed
Algorithm Kernel

Untyped
Algorithm Kernel’WIP
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WRAPPING UP



WRAPPING UP

Specification Bidirectional
Presentation(s) Kernel

• METACOQ: focus on gory issues of a real system
• MLTT à la COQ: go as far as possible in an axiom-free way

What now?

METACOQ
Typed conversion?
Injectivity with η-laws?
All of COQ? And more?

? MLTT à la COQ
How far can we scale?
What practical/theoretical
tools do we need?
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A QUESTION FOR THE AUDIENCE

Take MLTT with typed conversion, Π with β and η, and Type : Type.

Can you show Π types are injective?
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Systems
complexity

STλC CoC MLTT PCUIC COQ,
LEAN…

AGDA

Properties

Injectivities

Normalisation

Certified implementation

Martin-Löf
à la COQ

AÖV18WB18

Coq in
Coq

Incompleteness

THANK YOU!
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