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→

Very useful!

But what makes them usable?

(Co)Inductive types

Pattern-matching

Universes

(Strong) records

Proof irrelevance
Termination checking

(Computational) univalence

Modalities Subtyping
Observational equality

Gradual typing

Real proof assistants are complicated!
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THE METACOQ PROJECT
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THE PICTURE

Template
Coq PCUIC

Metatheory

Certified
type-checker

MALFUNCTION
(≈ OCAML)

unquote PCUICToTemplate

quote TemplateToPCUIC Erasure +
extraction
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CERTIFYING COQ’S TYPE-CHECKER

• Smaller spec than what the people here typically do
• But still a real-life system!
• The challenge is to prove things
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TERMS

Inductive term : Type :=
| tRel (n : nat)
| tVar (id : ident) | tEvar (ev : nat) (args : list term)
| tLetIn (na : aname) (def : term) (def_ty : term) (body : term)
| tSort (s : sort)
| tProd (na : aname) (ty : term) (body : term)
| tLambda (na : aname) (ty : term) (body : term)
| tApp (u v : term)
| tConst (c : kername) (u : Instance.t)
| tInd (ind : inductive) (u : Instance.t)
| tConstruct (ind : inductive) (idx : nat) (u : Instance.t)
| tCase (ci : case_info) (type_info : predicate term)

(discr : term) (branches : list (branch term))
| tProj (proj : projection) (t : term)
| tFix (mfix : mfixpoint term) (idx : nat)
| tCoFix (mfix : mfixpoint term) (idx : nat)
| tPrim (prim : prim_val term). 6



TYPING

A few 100 lines of COQ:

Inductive typing `{checker_flags} (Σ : global_env_ext) (Γ : context)
: term → term → Type :=
…
| type_Lambda (na A t B) : lift_typing typing Σ Γ (j_vass na A) →

Σ ;;; Γ ,, vass na A ⊢ t : B →
Σ ;;; Γ ⊢ tLambda na A t : tProd na A B

| type_Case : forall ci p c brs indices ps mdecl idecl,
let predctx := case_predicate_context ci.(ci_ind) mdecl idecl p in
let ptm := it_mkLambda_or_LetIn predctx p.(preturn) in
declared_inductive Σ ci.(ci_ind) mdecl idecl →
Σ ;;; Γ ,,, predctx ⊢ p.(preturn) : tSort ps →
Σ ;;; Γ ⊢ c : mkApps (tInd ci.(ci_ind) p.(puinst)) (p.(pparams) ++ indices) →
case_side_conditions (fun Σ Γ => wf_local Σ Γ) typing Σ Γ ci p ps

mdecl idecl indices predctx →
case_branch_typing (fun Σ Γ => wf_local Σ Γ) typing Σ Γ ci p ps

mdecl idecl ptm brs →
Σ ;;; Γ ⊢ tCase ci p c brs : mkApps ptm (indices ++ [c])
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WHERE’S THE CATCH?

We can write a (minimalistic) kernel for COQ in a few kLoC of pure functional code.

Surely it can’t be that hard to certify?

Dependent type theory + Invariants
=

Similar issue if you try to prove safety = progress + preservation
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WHAT WE HAVE – METATHEORY (I)

Substitution
• substitution calculus
• universe and term substitution for cumulativity, typing, etc.

Confluence & Simulation
𝑡

𝑡1 𝑡2
𝑢

⋆ ⋆

⋆⋆

𝑡 ≤U 𝑢

𝑡′ ≤U 𝑢′

Injectivity (and no-confusion) of type constructors

• If Π𝑥: 𝐴.𝐵 ≅ Π 𝑥: 𝐴′.𝐵′ then 𝐴 ≅ 𝐴′ and 𝐵 ≅ 𝐵′
• If Π𝑥: 𝐴.𝐵 ≅ ℕ then ⊥
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WHAT WE HAVE – METATHEORY (II)

Subject reduction/Preservation
Theorem subject_reduction Σ Γ t u T : wf Σ →
Σ ;;; Γ ⊢ t : T → Σ ;;; Γ ⊢ t ~> u → Σ ;;; Γ ⊢ u : T.

Progress
Lemma whnf_progress : ∀ Σ t T, axiom_free Σ → wf Σ →
Σ ; [] ⊢ t : T →
{ t' & Σ ; [] ⊢ t ~> t' } \/ whnf Σ [] t.

+ normalisation⇒
Canonicity
Every closed term of an inductive type evaluates to a constructor of that type.

Consistency
There are no closed proofs of an empty inductive type.
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WHAT WE CANNOT HAVE – NORMALISATION

Normalisation is axiomatized

Class GuardCheckerCorrect :=
{
guard_red1 b Σ Γ mfix mfix' idx :
Σ ;;; Γ ⊢ tFixCoFix b mfix idx ~>
tFixCoFix b mfix' idx →

guard b Σ Γ mfix → guard b Σ Γ mfix' ;
…

}.
Axiom guard_checking_correct : GuardCheckerCorrect.

Axiom Normalization : forall Σ Γ t,
wf_ext Σ → welltyped Σ Γ t → Acc (cored Σ Γ) t.
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WHAT WE HAVE – TYPE-CHECKER

PCUIC

Bidirectional
Presentation

Kernel

Soundness

Deep in the proof, we realized… it was false!

→ re-design of pattern-matching in COQ, backed by METACOQ.
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WHAT WE HAVE – CERTIFIED EXTRACTION

Extraction:
1. Erase proofs from programs: PCUIC → λ□
2. Compile λ□ to your favourite language (OCAML)
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AND NOW?

We have a fully certified, extracted kernel!

But:

• axiomatized normalisation → no guarantees on the guard;
• untyped conversion (not what semanticists like);
• missing some fancy features of COQ:

• η rules
• Sort/template polymorphism
• Modules
• …

17



AND NOW?

We have a fully certified, extracted kernel!

But:

• axiomatized normalisation → no guarantees on the guard;
• untyped conversion (not what semanticists like);
• missing some fancy features of COQ:

• η rules
• Sort/template polymorphism
• Modules
• …

17



MARTIN-LÖF À LA COQ



A DIFFERENT ANGLE

ExpressivityCoC

MLTT

PCUIC COQ,
LEAN…

AGDA

Properties

Confluence-like

Normalisation

Certified implementation

Martin-Löf
à la COQ

Incompleteness
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THE PROJECT IN TWO WORDS

• Even smaller system (not real life any more)
• But fancier proofs!
• Already miserable…
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SOME LESSONS WE LEARNED
(OR WE SHOULD HAVE LEARNED)



METACOQ

The good

• it’s doable, now!
• we even found a bug in COQ: it’s apparently useful to do the proofs
• starting to drive the design of the kernel

The bad

• still very heroic (>1y to change pattern-matching…)
• terrible proof engineering

• too little automation
• too many features of COQ

• very difficult to experiment (no modularity)
• how hard is the last yard going to be?
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MARTIN-LÖF À LA COQ

Tooling

• AutoSubst 2 (OCAML implementation)
• Winterhalter’s PARTIALFUN library for partial functions
• fancy induction stuff
• We could do so much more…

Meta-theory ≠ certification

• two very different problems
• ongoing: separating them cleanly

There must be a better way

• IRIS-style embedded logic?
• quotient inductive-inductive types, second order generalized algebraic theory,
synthetic Tait computability…

• Modularity, modularity, modularity
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THANK YOU!
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