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WHAT | DO

Formalised meta-theory of dependent types

In particular:

« METACOQ = meta-theory of Coq, in CoQ {

- formalised logical relations



WHAT DO YOU KNOW?



LET'S START WITH A DEMO



LET'S START WITH A DEMO

Summing up:

- coercions should be “transparent”!

- the current implementation does not deliver



LET'S START WITH A DEMO

Polarities: subtyping for datatypes #65 c=D

Disable all subtyping by default? #4474 G crtnmenconranaton o9 201

[EXED)) iespercockx opened this issue on Feb 23, Noons sssigned

(AR VA1) I ot subtype of (4 456)

° ot
. G
e B e componentmetatheory  componentitypechecker
e kindibug  label on Nox Kindlenhancement  statusiwont-fix
Inthe g of istoric an curntsos nvling subying (0. #1579 21 s #4175 #4550 £4401) L am taring 0 © @ eatainritu sdded e wnstwn. el on -
oodon o ave sy in Ao, A ceps

know either use coercive subtyping o restrict it o a very speciic setting (.. cumulativity). On the other hand, Agda now has a Labels

oo of el iy o severlockree rsevance, ermie, s ypee, iy med chcion. b —_—

partuar, it seoms tha we do not et uly suehaseting

o — Coercions again #403

Parametrized coercions #2455 = s leodemoura commented o Apr 14, 202 orbe) | pssgne

fam— ) © None ot
" 13 No milestone

Development
coabot

Conmant adbor Grobberizsbbers




LET'S START WITH A DEMO

Summing up:

- coercions should be “transparent”!
« the current implementation does not deliver

Solutions?

« tactics, smart typeclasses...
« understand the type theory



DEPENDENT TYPE THEORY
FOR THE IMPATIENT
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MARTIN-LOF'S LOGICAL FRAMEWORK

Objects:

* types/propositions A, B ...
« terms/proofs t,u...
- contexts/hypotheses I, ... = lists x7: Aq, ..., X%;: Ay

Judgements:
'—A '-A=B 't A 'Ft=u:A =T FI'=A

Rules:
I'—t:A I'HFA=B

X1: AL Xt Ay X Ay '—t¢t:B

I't:A I'Ht=u:A THu=v:A
I't=t:A IT't=wv:A
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EXAMPLE: DEPENDENT FUNCTIONS

Lean: (x : A) — B, fun x : A = ft, t u

THA I'x:AFB 'A I'x:A+1t:B
IF'+IIx:AB F'Ax:At:TIx: A.B

I'—t:1Ix: A.B IT'u:A
I'—tu:B[x < u]

ILx:A+t:B Thru:A '~ f:MIx: AB
' x:At)u = t[x < u]: B[x < u] ! ' f=AcAfx:Ix:AB

B

+ congruences
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WHAT ELSE?

+ (Co)inductive types: initial (final) (co)algebras for nice functors
 Records: bundling data

I'=t:Type

« Universes: types for types ~————
I' - El(2)

Each time:

« types (ITx: A.B)

« introduction(s) (A x: A.B)
« elimination(s) (t u)

« computation (B)

« uniqueness (n) (sometimes)
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APARTE: HOW TO UNDERSTAND THIS?

strings?

(first order) logic, “raw” syntax trees
but with witnesses + inductive predicates

Generalised algebraic theory:

S50 ——=0 UV = ~W0n0T>

Con : Set Ty:Con — Set Tm : II(T: Con). Ty(I') — Set
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THE .+GOOD  PROPERTIES

+ Logical consistency: there are things we cannot prove
 Decidability: we can check that a proof is valid

« Model(s): we can interpret the language in some structure we like
 Expressivity: we can express our ideas “naturally”

More technical:
- canonicity: every closed term is equal to a value

-+t:Bool = -Ft=true:Bool v -+t =false:Bool

« normalisation: every term is equal to a normal form
« subject reduction: program computation implies conversion

'tt:T A t~t = Trtz=t:T



SOME META-THEORY
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HOW TO PROVE CONSISTENCY?

Build a model!

Syntactically:

« Assume - ¢t : False
+ canonicity: there exists a value v such that - =t = v : False
+ but there are no values in False!



HOW TO PROVE DECIDABILITY?

I't:A THEA= A’
THt: A

CoNv

CoNv: what is the flow of information? - bidirectional typing



HOW TO PROVE DECIDABILITY?

't:A THA=z=A r'FA=A" TERHA =zA”
Conv TRANS
FHt: A r—A=A"

CoNv: what is the flow of information? - bidirectional typing

TRANS: how do we guess A”?
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ENTER REDUCTION

Nalve conversion checker:

? _ _ _ )
HFA=B & A-~~A A B~B a A=, B

?
« < needs subject reduction

. Does A always exist? (= normalisation)

« progress: if I' = A, then either A is a normal form or 3JA”. A ~ A’
« eventually, this terminates...

+ uniqueness of the normal form (up to 5,7)?

Actually... 40+ years on doing this smartly!

1
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F'~u:A’
F'—IIx:AB=IIx:A’.B
'FB[x<ul=T

'(Ax:At)u:T =

I'x:A+t:B F'u:A
' x:Ab)u=t[x < u]:B[x < u] I'B[x<u]l=T
'\ x:Au=tlx < u]:T

B




HOW TO PROVE SUBJECT REDUCTION?

I,x:A+1t:B
F'u:A’
T Atju:T = TTlx: AB=Tlx:A".B
B [x<ul=T
I'x:A+t:B ILx:A-B=DB T'u:A’ THA' = A
Conv CONV
ILx:A+1t:B F'u:A

I'-(Ax:At)u=t[x < u]:B[x « u]



HOW TO PROVE SUBJECT REDUCTION?

I,x:A+1t:B
THu:A’
T Atju:T = TTlx:AB=Tlx:A’.B
'FB[x<ul=T
I'x:A+t:B ILx:A-B=DB T'u:A’ THA' = A
Conv CONV
ILx:A+1t:B F'u:A

I'-(Ax:At)u=t[x < u]:B[x « u]

Injectivity of I1
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HOW TO PROVE PROGRESS?

I' = 0:Nat I'u:A I'-Nat=1IIx:AB
I'~0u:B[x « u]

should be impossible...

No-confusion of type constructors
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THE .+ ESSENTIAL  PROPERTIES

« injectivity of type/term constructors
+ no-confusion of type/term constructors

- normalisation

From these we get1 subject reduction, progress, canonicity, decidability, soundness...

How do we show them?

"This is not a contractual obligation, T&C apply
14
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HoOw DO WE SHOW THESE?

The only thing we have is typing... but normalisation cannot be proven by naive induction!

We need a predicate _ IF _: _that

« “satifies” the typing rules

« implies our desired property
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LOGICAL RELATIONS

The predicate I should be defined by looking at the type.

Core intuitionforT' IFt: A

« tis good (here: normalises)

« t can only be used in a good way

Roughly:

t has a normal form ¢

Fll—t:A—)B:{ foranyust Tu:ATIFfu:B
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BUT WE ARE DOING DEPENDENT TYPES...

1. types are slippery (conversion)
2. universes: ' -t : Type :=T I-t? 4

3. conversion rule

1.TIhk, t:Awhere A:TIFA
2. careful stratification + inductive-recursive definitions
3. TFA=A"andT =t : A

And much more: Kripke quantification! Partial equivalence relations! Preasheaves! Gluing!
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A FEW PROOFS LATER

T'IFt:1Ix: AB IF'rFu:A

['Ftu:B[x < u] and many more...

Fundamental theorem: ifI'—t: AthenT IFt: A
Consequences:
e I'Ht:A = TIFt:A = tnormalises

I'FNat=IIx:AB = T FNat=Ilx:AB =

«I'Fx:AB=1Ix:A’B = TIFOx:AB=1lx:A".B
= TFAzA" = THA=A

Hurray!
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Coq in CoqQ:

Inductive term : Type :=

tRel (n : nat)

tvar (id : ident) | tEvar (ev : nat) (args : list term)

tletIn (na : aname) (def : term) (def_ty : term) (body : term)

tSort (s : sort)

tProd (na : aname) (ty : term) (body : term)

tLambda (na : aname) (ty : term) (body : term)

tApp (u v : term)

tConst (c : kername) (u : Instance.t)

tInd (ind : inductive) (u : Instance.t)

tConstruct (ind : inductive) (idx : nat) (u : Instance.t)

tCase (ci : case_info) (type_info : predicate term)
(discr : term) (branches : list (branch term))

tProj (proj : projection) (t : term)

tFix (mfix : mfixpoint term) (idx : nat)

tCoFix (mfix : mfixpoint term) (idx : nat)

tPrim (prim : prim_val term).

19



THIS IS NOT THE ONLY WAY

Coq in CoqQ:

Inductive term : Type :=
| tRel (n : nat)
| tvar (id : ident) | tEvar (ev : nat) (args : list term)
| tLetIn (na : aname) (def : term) (def_ty : term) (body : term)
| tSort (s : sort)
| tProd (na : aname) (ty : term) (body : term)
| tLambda (na : aname) (ty : term) (body : term)
| tApp (u v : term)
| tConst (c : kername) (u : Instance.t)
| tInd (ind : inductive) (u : Instance.t)
| tConstruct (ind : inductive) (idx : nat) (u : Instance.t)
| tCase (ci : case_info) (type_info : predicate term)
(discr : term) (branches : list (branch term))
tProj (proj : projection) (t : term)
tFix (mfix : mfixpoint term) (idx : nat)

METACOQ takes another way: confluence.

+ scales very well

tCoFix (mfix
tPrim (prim :

: mfixpoint term) (idx : nat)

prim_val term).

+ injectivity/no-confusion without normalisation

- we don't know how to treat n...

19



BACK TO SUBTYPING
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FLAVOURS OF SUBTYPING — SUBSUMPTIVE

What users™ want:
1—‘}_sub t:A 1—"_subA<A/
I bup £: A

SUB

But it's a bit too wild...

20
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FLAVOURS OF SUBTYPING — COERCIVE

Less frightening:

Thet:A  The A< A’

CoE -
[Hoe cOEg A/t A

* nicer semantics

« more reasonable for implementations

This is work for a machine!

21



COHERENCE

Let’s elaborate, then:

Iy t: A gy AA fl—cer:A fl—coeA<A’
SuB ; ~> CoE = 5 =
I'up t:A I' Feoe coej 4,20 A
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COHERENCE

Let’s elaborate, then:

Iy t: A gy AA fl—cer:A 1:‘|_coeA<A,
SuB ; ~> CoE = 5 =
I'up t:A I' Feoe coej 4,20 A

Coherence: this should be unambiguous!
But subtyping is transitive:

?
CO€ s A7 COCA A/ T = CO€Y Av L

22



COHERENCE

(removes coercions)

models
users «— MLTTg MLTT, :
bUb\ ; coe kernel
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COHERENCE

(removes coercions)

users «—— MLTTgyp MLTTeoe models,
< 5 kernel

? = the elaboration we want
Only well-defined if a lot of equations hold
In particular, [t| = |u| = T tcpe t = u: A (provided T e t,u: A)

23



A (VAGUE) THEOREM

Laurent, L-B, Maillard (2024)
We can design a type theory MLTT.q. that:

« keeps all the good  properties

+ is flexible enough to admit type-preserving elaboration from MLTT,y,
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A (VAGUE) THEOREM

Laurent, L-B, Maillard (2024)
We can design a type theory MLTT.q. that:

« keeps all the good  properties

+ is flexible enough to admit type-preserving elaboration from MLTT,y,

The key: teach your kernel about definitional functoriality

map g (map f 1) =map (g f)!I

24



THANK YOU!
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