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Cogq in Coq (Barras et al. 1997): verified type-checker for the CoC, in Coaq.

CoC is proof-theoretically stronger than Acpa, close to Roca. Time to change subject?

Proof-theoretic strength does not measure expressivity
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GODEL’S INCOMPLETENESS

The meta-theory of an object theory T in a (slightly) stronger ambient theory 7.
Or: almost all the meta-theory of a theory 7 in T itself.
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A long shopping list:

substitution for term variables

substitution for universe variables

weakening

strengthening

injectivity of type constructors
confluence

standardisation

safety

progress

preservation/subject reduction
uniqueness of types
canonicity

logical consistency
normalisation

decidability
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A long shopping list:
» substitution for term variables
» substitution for universe variables
« weakening
« strengthening
- n\Whatproperties are needed to verify what?
« confluence
« standardisation
« safety
« progress
s preevaiopraw ' do We prove these ties?
. uniquenessi;jtypes p proper 1es:
e canonicity
« logical consistency
« normalisation

« decidability
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WHAT’S TYPE THEORY ANYWAY?

Many answers, but let’s say:
« asystem of rules/a language

« intended to capture

o valid logical/mathematical inferences
o valid properties of programs

} Curry-Howard:
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A SYSTEM OF RULES

I'+t:A—> B 'u:A

I'—tu:B

I'x:A+t:B

I'Ax:At: A—> B
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A SYSTEM OF RULES

I'+t:A—> B 'u:A
I'—tu:B

Formally read as:
« inductively defined predicates on tree-like structures

« directly defining an algebraic structure

I'x:A+t:B

I'Ax:At: A—> B
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DEPENDENT TYPE THEORY

Dependent types:

A I'tn:N

I'=VectAn
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DEPENDENT TYPE THEORY

Dependent types:
'A I'n:N
I'VectAn
I'—t:11x:AB I'u:A Ix:A+t:B
I'—tu: B[x:=u] F'—Ax:At:IIx:AB
The real beast is /

T't: A T'-A=B
I'—t:B

I'H[1;2;7] : Vect N (1+1+1) I'VectN(1+1+1)=VectN3

I'+[1;2;7]: VectN 3
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DEFINITIONAL EQUALITY

The least

't A

REFL —————
I'—t=t: A

Sy

THitz=u: A

M—
T'+u=t: A

TRANS

THt=u: A THu=v:A
I't=v:A
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BFu

Tt=t :IIx:AB

ApPPCONG

T'tu=t' v :Blx :=ul

T'HA I'x:A+ B
Ix:A+t:B T'+u:A

S Ax:At)u = t[x = u] : B[x = u]

If we orient B-rules, we get -,

, contains , and
THt=u: A THu=v:A
TRANS
I't=v:A
Tuz=u A
I'~f:MIx:AB

nFu

"Trf=icAfx:lxAB
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Verified Verified
extraction tactics

Verified type-checker

Meta-theory
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INFORMATION MusT FLow

Inference and checking

I =1t : A separates into

inference: [ =1 > checking:

Similar “meaning”, different modes: /subject/

i<
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STRUCTURE!

T (x:A)eT
I'Hx: A

I'~t:1Ix:AB IT'u:A
I'—tu: B[x:=ul

« Globally enforce well-formation
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STRUCTURE!
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STRUCTURE!

=T (x:A)eT (x:)el
F'=x:A N'Exp
I't:1Ix:A.B T'u:A [Htop [Fu<A
I'—tu:B[x:=u] I'tuw

I'—t:T r=T=T1
F'—t:T’

o Globally-enforee-well-fermation — Well-formation as an invariant

e Clear information flow

¢ Unconstrained conversion
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STRUCTURE!

=T (x:A) el (x: ) el
'x:A I'xp>
F'+t:1Ix:AB 'u:A ['+tey 'FuqA
I'—tu:B[x:=u] I'—tuw
F'=t:T r=T=T’ 't '=T=T'« '+t =T -
F'¢t:T’ F'taT’ 'ty

o Globally-enforee-well-fermation — Well-formation as an invariant

o Clear information flow
« Uneenstrained-conversion — Computation (—* or =) guided by the mode
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INFORMATION MusT FLow

Inference and checking

I' =1t : A separates into
inference: [ =1 > checking: I' =1«

Similar “meaning”, different modes: /subject/

McBride: A rule is a server for its conclusion and a client for its premises.

» Modes guide invariant preservation
« In a conclusion, you inputs are well-formed, and outputs are

« In a premise, you inputs are well-formed, and outputs are
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SPECIFYING BIDIRECTIONAL TYPING

Positive soundness

If the algorithm answers (ie. ' =1t ) and its preconditions are met, then ' =1 : T.

Negative soundness

If the algorithm answers no (i.e. I =1 > )and its preconditions are met, then t is not typable.

Totality

If its preconditions are met, the algorithm always answers.
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SPECIFYING BIDIRECTIONAL TYPING

Positive soundness

If the algorithm answers (ie. ' =1t ) and its preconditions are met, then ' =1 : T.

Negative soundness

If the algorithm answers no (i.e. I =1 > )and its preconditions are met, then t is not typable.

Totality

If its preconditions are met, the algorithm always answers.

Positive soundness + Negative soundness + Totality =
Completeness the answer is always yes on typable terms
Decidability
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MEeTAROCQ




MetaCoq is developed by (left to right) Abhishek Anand, Danil Annenkov, Simon Boulier, Cyril Cohen,
Yannick Forster, Jason Gross, Meven Lennon-Bertrand, Kenji Maillard, Gregory Malecha, Jakob Botsch
Nielsen, Matthieu Sozeau, Nicolas Tabareau and Théo Winterhalter.
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METAROCQ IN A NUTSHELL

The Predicative Calculus of Universe-Polymorphic Inductive Constructions (PCUIC)

A dependent type theory with
« Very general (co-)inductive types
» Pattern-matching and fixed-points

« Complex universes + cumulativity
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METAROCQ IN A NUTSHELL

The Predicative Calculus of Universe-Polymorphic Inductive Constructions (PCUIC)

A dependent type theory with
» Very general (co-)inductive types
» Pattern-matching and fixed-points

« Complex universes + cumulativity

Roca, in Roca

» Formalised meta-theory of PCUIC
to implement a verified type-checker

« Verified extraction, meta-programming...

. Consequences:
« totality
» logical consistency
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AGDA

§ Expressivity
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THE $1000 QUESTION: INVERSION

If you know T = T’, what can you conclude?

T=IIx:AB :)> T —>*IIx:A’.B?
IIx:AB=IIx:A".B i A=A"AB=B"7?
Mx: AB=N— 17

Sm=Sn :)> m=n?

2

Sm=0— 1?
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If you know T = T, what can you conclude?
« T=IIx:AB =?> T —>*1Ix: A’.B"?
e Ix:AB=1lx:A".B =?>AEA’/\BEB'?
 Hx:AB=N= 17
2

e Sm=Sn=>m=n?

?
e Sm=0=> 1?

The derivation of T = T” might be quite complicated...

*

(after Tait, Martin-Lof, Takahashi)

for a notion of conversion...
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Arthur Adjed;j

Kenji Maillard

/
N

Pierre-Marie Pédrot

Loic Pujet
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EXTENSIONALITY RULES

'~ f:IIx:AB
I'-f=Ax:Afx:IIx:AB

nFuN
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EXTENSIONALITY RULES

'~ f:IIx:AB '~ P : SProp 'p:P TFp:P

nFuN nProp
I'-f=Ax:Afx:IIx:AB F'p=p':P

Might look easy (?), but:
o crucial in practice
« does not really work with confluence

« avery typed notion

Rocq has a clever , but what’s its ?
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Conuvewsion is bidinectional too !
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Conuvesion is bidinectional too ...
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Conuvesion is bidinectional too ...

The important part is invariant preservation.
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A FINE-GRAINED ANALYSIS

Positive soundness

Requires inversion for types.

Negative soundness

Requires inversion for types and terms.

In particular: !
Conjecture: requires
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A FINE-GRAINED ANALYSIS

Positive soundness

Requires inversion for types.

Negative soundness

Requires inversion for types and terms.

In particular: !
Conjecture: requires

Termination

Requires inversion for types and normalisation.
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How TO PROVE THE PROPERTIES?

Logical relation  Gluing/Nf Model Rewriting/Confluence Domain model
[AOV17; Adj+24] [Ste21; BKS23] [Tak95]/METAROCQ [CH18]
Weak ambiant X x v/ v/
theory
Normalisation v 4 X
n laws v v X v
Formalised v v/ X v X
Most explored Formalisation | i Vi lored
Difficult to scale  currently difficult nsane scaling ery unexplore
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How TO PROVE THE PROPERTIES?

Logical relation  Gluing/Nf Model Rewriting/Confluence Domain model

[AOV17; Adj+24] [Ste21; BKS23] [Tak95]/METAROCQ [CH18]
Weak ambiant
theory
Normalisation
0 laws There is space for exploration!

Formalised ... but I have peculiar requirements.

31



Thank you!
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