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Have many form of type casting…

and they’re quite complicated.
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Dependent types in one slide

Types can contain terms:
Γ ⊢ 𝐴 Γ ⊢ 𝑛 : 𝐍

Γ ⊢ Vect 𝐴 𝑛

A change with many consequences…

Type well-formation Γ ⊢ 𝐴 Substitution during typing
Γ ⊢ 𝑓 : Π 𝑥: 𝐴.𝐵 Γ ⊢ 𝑢 : 𝐴

Γ ⊢ 𝑓 𝑢 : 𝐵[𝑢/𝑥]

Conversion/definitional equality
Γ ⊢ 𝑡 : 𝐴 Γ ⊢ 𝐴 ≡ 𝐵

Γ ⊢ 𝑡 : 𝐵
Equivalence, congruent, and contains (at least) β rules

Γ, 𝑥: 𝐴 ⊢ 𝑡 : 𝐵 Γ ⊢ 𝑢 : 𝐴
Γ ⊢ (λ 𝑥: 𝐴.𝑡) 𝑢 ≡ 𝑡[𝑢/𝑥] : 𝐵[𝑢/𝑥]

Typing depends on the equational theory of the language!
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Warming-up with subtyping
w/ T. Laurent, K. Maillard @ ESOP ’24



Implicit subtyping

What users™ want:

Sub
Γ ⊢sub 𝑡 : 𝐴 Γ ⊢sub 𝐴 ≼ 𝐴′

Γ ⊢sub 𝑡 : 𝐴′

Think of ≼ as (set) inclusion.
𝑡 = 𝑡∈ ∈

𝖳𝗆(𝐴) ⊆ 𝖳𝗆(𝐴′)
Type theorists hate this:

• limited model: 𝐴′ ⊆ 𝐴⋀𝐵 ⊆ 𝐵′ ⇏ 𝐴 → 𝐵 ⊆ 𝐴′ → 𝐵′
• difficult meta-theory

• annoying to implement
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Explicit subtyping

What type theorists want you to do:

Coe
Γ ⊢coe 𝑡 : 𝐴 Γ ⊢coe 𝐴 ≼ 𝐴′

Γ ⊢coe coe𝐴,𝐴′ 𝑡 : 𝐴′

Explicit coe is much easier to model/study/implement!

This is the work of a compiler!
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Let’s compile, then!

MLTTsub MLTTcoeusers kernel
models

|⋅|

Sub
Γ ⊢sub 𝑡 : 𝐴 Γ ⊢sub 𝐴 ≼ 𝐴′

Γ ⊢sub 𝑡 : 𝐴′ ⇝ Coe
Γ̃ ⊢coe ̃𝑡 : 𝐴̃ Γ̃ ⊢coe 𝐴̃ ≼ 𝐴̃′

Γ̃ ⊢coe coe𝐴̃,𝐴̃′ ̃𝑡 : 𝐴̃′

Unable to unify "t" with "t".
Set Printing Coercions.
Unable to unify "t'" with "t''".

Compilation should be unambiguous.
Necessary for compilation to preserve typing.

Coherence: If |𝑡 | = |𝑢| then 𝑡 ≡ 𝑢.
What equations do we need?

A type-theoretic
question
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New equations for structural subtyping



Structural subtyping

Focus = structural subtyping:

𝐴′ ≼ 𝐴 𝐵 ≼ 𝐵′

𝐴 → 𝐵 ≼ 𝐴′ → 𝐵′
𝐴 ≼ 𝐴′

List 𝐴 ≼ List 𝐴′
𝐴 ≼ 𝐴′ 𝐵 ≼ 𝐵′

𝐴 × 𝐵 ≼ 𝐴′ × 𝐵′ …
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What equations do we need?

Computation equations:

coeList 𝐴,List 𝐴′[] ≡ []

coeList 𝐴,List 𝐴′(𝑎 :: 𝑙) ≡ (coe𝐴,𝐴′ 𝑎) :: coeList 𝐴,List 𝐴′ 𝑙

(coe𝐴→𝐵,𝐴′→𝐵′ 𝑓 ) 𝑢 ≡ coe𝐵,𝐵′(𝑓 (coe𝐴′,𝐴 𝑢))

⋮
Functoriality equations:

coe𝐴′,𝐴″ coe𝐴,𝐴′ 𝑙 ≡ coe𝐴,𝐴″ 𝑙

coe𝐴,𝐴 𝑙 ≡ 𝑙

⋮
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New equations for neutrals

coeList 𝐴,List 𝐴′ 𝑙 := mapList coe𝐴,𝐴′ 𝑙 ?

Not in vanilla CIC/MLTT, where

mapList 𝑓 (mapList 𝑔 𝑥) ≢ mapList(𝑓 ∘ 𝑔) 𝑥
mapList id 𝑥 ≢ 𝑥

Can we add these functoriality equations in?
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Theorems!

MLTTcoe is a nice type theory

We can design MLTTcoe with all these equations and good type theoretic properties:

• logical consistency

• decidability of conversion and type-checking

Featuring List ( ), Π, Σ, W, +, =… ( )

And it is a good target

There is an elaboration MLTTsub ⇝ MLTTcoe which preserves conversion and typing.
Moreover, it is an inverse of erasure, and elaboration is thus coherent.

“To compile structural implicit subtyping, you need exactly functoriality equations.”

But missing a general framework.
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Structural casts and functorial types
w/ A. Adjedj, T. Benjamin & K. Maillard @ POPL ’26



(Structural) casts everywhere

Explicit subtyping:
cast along subtyping derivations.

Γ ⊢ 𝐴′ ≼ 𝐴 Γ ⊢ 𝐵 ≼ 𝐵′

Γ ⊢ 𝐴 → 𝐵 ≼ 𝐴′ → 𝐵′ Γ ⊢ 𝑓 : 𝐴 → 𝐵 Γ ⊢ 𝑎′ : 𝐴′

Γ ⊢ (coe𝐴→𝐵,𝐴′→𝐵′ 𝑓 ) 𝑎′ ≡ coe𝐵,𝐵′(𝑓 coe𝐴′ ,𝐴 𝑎) : 𝐵′

Observational equality:
cast along equality proofs.

Γ ⊢ 𝑒𝐴 : 𝐴′ = 𝐴 Γ ⊢ 𝑒𝐵 : 𝐵 = 𝐵′

Γ ⊢ 𝑒′ := … : 𝐴 → 𝐵 = 𝐴′ → 𝐵′ Γ ⊢ 𝑓 : 𝐴 → 𝐵 Γ ⊢ 𝑎′ : 𝐴′

Γ ⊢ transp𝐴→𝐵,𝐴′→𝐵′(𝑒′, 𝑓 ) 𝑎′ ≡ transp𝐵,𝐵′(𝑒𝐵 , 𝑓 transp𝐴′ ,𝐴(𝑒𝐴, 𝑎′)) : 𝐵′

Dynamic typing:
cast always allowed (might fail).

Γ ⊢ 𝑓 : 𝐴 → 𝐵 Γ ⊢ 𝑎′ : 𝐴′

Γ ⊢ (⟨𝐴′ → 𝐵′ ⇐ 𝐴 → 𝐵⟩ 𝑓 ) 𝑎′ ≡ ⟨𝐵′ ⇐ 𝐵⟩(𝑓 ⟨𝐴 ⇐ 𝐴′⟩ 𝑎′) : 𝐵′

There’s a general pattern! Functoriality?
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Understanding functorial type formers

Functor = a mapping between two categories:

• acts on objects and arrows
• preserves identities and composition

1. Make types into a category

2. Describe the source of type formers

3. Show functoriality for our favourite type formers

4. Profit!
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The category of types and adapters

Adapters = “the data along which you can cast”

𝑎 : 𝐴 ⇒ 𝐴′ 𝑡 : 𝐴
𝑡⟨𝑎⟩ : 𝐴′

𝑡 : 𝐴
𝑡⟨id𝐴⟩ ≡ 𝑡 : 𝐴

𝑎 : 𝐴 ⇒ 𝐴′ 𝑎′ : 𝐴′ ⇒ 𝐴″ 𝑡 : 𝐴
𝑡⟨𝑎′ ∘ 𝑎⟩ ≡ 𝑡⟨𝑎⟩⟨𝑎′⟩ : 𝐴″

A family of type theories:

• Subtyping: 𝐴 ⇒ 𝐵 corresponds to 𝐴 ≼ 𝐵. Uniqueness!

• Observational equality: given 𝑒 : 𝐴 = 𝐵 we get 𝑒 : 𝐴 ⇒ 𝐵
• Dynamic typing: 𝐴 ⇒ 𝐵 always inhabited

• Full function space: given any 𝑓 : 𝐴 → 𝐵 we get 𝑓 : 𝐴 ⇒ 𝐵 (and 𝑡⟨𝑓 ⟩ ≡ 𝑓 𝑡)
Need non-uniqueness too

Abstractly:

• a category 𝗧𝘆Γ of types and adapters

• 𝖳𝗆Γ : 𝗧𝘆Γ → 𝗦𝗲𝘁 is a functor

(CwF-style reinvention of comprehension categories, see also Coraglia’s and Najmaei’s work.)
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Understanding functorial type formers

Functor = a mapping between two categories:

• acts on objects and arrows

• preserves identities and composition

1. Make types into a category

2. Describe the source of type formers
3. Show functoriality for our favourite type formers

4. Profit!
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What is in a type former

Inductive List (X : Type) : Type := …
Inductive W (X : Type) (Y : X → Type) : Type := …

A type former is specified by a context

, with

• type variables: ΓList := 𝑋 : 𝖳𝗒 Γ→ := (𝑋 : 𝖳𝗒), (𝑌 : 𝖳𝗒)
• dependent type variables: ΓW := (𝑋 : 𝖳𝗒), (𝑌 : 𝑋 . 𝖳𝗒)
• term variables: Γ= := (𝑋 : 𝖳𝗒), (𝑥: 𝑋), (𝑦 : 𝑋)

Γ ⊢ 𝐴 Γ ⊢ 𝐵
Γ ⊢ 𝐴 → 𝐵

Γ ⊢ 𝐴 Γ ⊢ 𝐵
Γ ⊢ (𝐴, 𝐵) : Γ→
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Transformations: where the magic happens

But wait, we have a way to relate two substitutions Γ ⊢ 𝜎, 𝜏 : Γ→: Adapters!

We need variance information, though:

Γ→ := (𝑋 : 𝖳𝗒−)(𝑌 : 𝖳𝗒+) ⇒ Γ ⊢ 𝑎 : 𝐴′ ⇒ 𝐴 Γ ⊢ 𝑏 : 𝐵 ⇒ 𝐵′

Γ ⊢ (𝑎, 𝑏) : (𝐴, 𝐵) ⇒Γ→ (𝐴′, 𝐵′)

A very general rule:

Γ ⊢ 𝐴 Δ ⊢ 𝜎, 𝜏 : Γ Δ ⊢ 𝜇 : 𝜎 ⇒Γ 𝜏
Δ ⊢ 𝐴J𝜇K : 𝐴[𝜎] ⇒ 𝐴[𝜏]

All types are functors… obtained compositionally from functoriality of each type former.
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AdapTT, categorically

• A 2-category 𝗖𝘁𝘅 of contexts, substitutions and transformations

• A 2-functor 𝖳𝗒 : 𝗖𝘁𝘅 → 𝗖𝗮𝘁 (maps Γ to the category 𝗧𝘆Γ, ⋅J⋅K is the action on 2-arrows)

• A “dependent 2-functor” 𝖳𝗆 : (Γ: 𝖢𝗍𝗑) → (𝖳𝗒(Γ) → 𝗦𝗲𝘁);
• Local representability (type and term variables);

• a 2-functor ⋅− : 𝗖𝘁𝘅co → 𝗖𝘁𝘅 to interpret negative variance.

… lots of data (and equations) to unpack!
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Understanding functorial type formers

Functor = a mapping between two categories:

• acts on objects and arrows

• preserves identities and composition

1. Make types into a category

2. Describe the source of type formers

3. Show functoriality for our favourite type formers
4. Profit!
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Making a type former functorial

Type specification recipe

1. Type formation rule 𝐴 → 𝐵
2. Constructor (𝜆) and eliminator (app)

3. Computation rule for each constructor-destructor combination (β)

4. Extensionality rule (η) (optional)

5. Computation rule for the adapter

(𝑓 ⟨𝑎 → 𝑏⟩) 𝑢 ≡ (𝑓 𝑢⟨𝑎⟩)⟨𝑏⟩
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Making a type former functorial

Type specification recipe (adapted)

1. Give the type former’s context (Γ→), and derive
1.1 the type formation rule 𝐴 → 𝐵
1.2 the adapter formation rule 𝑎 → 𝑏

2. Constructor (𝜆) and eliminator (app)

3. Computation rule for each constructor-destructor combination (β)

4. Extensionality rule (η) (optional)

5. Computation rule for the adapter

(𝑓 ⟨𝑎 → 𝑏⟩) 𝑢 ≡ (𝑓 𝑢⟨𝑎⟩)⟨𝑏⟩
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Our favourite type formers

ΓΠ := (𝑋 : 𝖳𝗒−), (𝑌 : 𝑋 . 𝖳𝗒+) ΓΣ := (𝑋 : 𝖳𝗒+), (𝑌 : 𝑋 . 𝖳𝗒+)

Δ ⊢ 𝑎 : 𝐴′ ⇒ 𝐴 Δ, 𝑥: 𝐴′ ⊢ 𝑏 : 𝐵[𝑥⟨𝑎⟩/𝑥] ⇒ 𝐵′

Δ ⊢ Π 𝑎.𝑏 : Π(𝑥: 𝐴).𝐵 ⇒ Π(𝑥: 𝐴′).𝐵′
Δ ⊢ 𝑎 : 𝐴 ⇒ 𝐴′ Δ, 𝑥: 𝐴 ⊢ 𝑏 : 𝐵 ⇒ 𝐵′[𝑥⟨𝑎⟩/𝑥]

Δ ⊢ Σ 𝑎.𝑏 : Σ(𝑥: 𝐴).𝐵 ⇒ Σ(𝑥: 𝐴′).𝐵′

Δ ⊢ 𝑎 : 𝐴′ ⇒ 𝐴 Δ, (𝑥: 𝐴′) ⊢ 𝑏 : 𝐵[𝑥⟨𝑎⟩/𝑥] ⇒ 𝐵′ Δ ⊢ 𝑓 : Π(𝑥: 𝐴).𝐵 Δ ⊢ 𝑢 : 𝐴′

Δ ⊢ 𝑓 ⟨Π 𝑎.𝑏⟩ 𝑢 ≡ (𝑓 𝑢⟨𝑎⟩)⟨𝑏[𝑢/𝑥]⟩ : 𝐵′[𝑢/𝑥]

Δ ⊢ 𝑎 : 𝐴 ⇒ 𝐴′ Δ, (𝑥: 𝐴) ⊢ 𝑏 : 𝐵 ⇒ 𝐵′[𝑥⟨𝑎⟩/𝑥] Δ ⊢ 𝑝 : Σ(𝑥: 𝐴).𝐵
Δ ⊢ 𝜋1 (𝑝⟨Σ 𝑎.𝑏⟩) ≡ (𝜋1 𝑝)⟨𝑎⟩ : 𝐴′ Δ ⊢ 𝜋2 (𝑝⟨Σ 𝑎.𝑏⟩) ≡ (𝜋2 𝑝)⟨𝑏[𝜋1𝑝/𝑥]⟩ : 𝐵′[(𝜋1𝑝)⟨𝑎⟩/𝑥]

A bit intense… but clear guidelines.
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Understanding functorial type formers

Functor = a mapping between two categories:

• acts on objects and arrows

• preserves identities and composition

1. Make types into a category

2. Describe the source of type formers

3. Show functoriality for our favourite type formers

4. Profit!
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Functorial inductive types

Inductive list (A : Type) : Type :=
| nil : list A
| cons (a : A) (l : list A) : A

Inductive W (A : Type) (B : A -> Type) : Type :=
| sup (a : A) (rec : B a -> W A B) : W A B

Inductive eq (A : Type) : A -> A -> Type :=
| eq_refl (a : A) : eq A a a

Idea:

1. Include variance in the types’ context

2. Derive the adapter’s type from the context

3. Derive the adapter’s computation rule from the constructors’ description

All the hard work is done!
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Wrapping up



What’s cooking

• Meta-theory of AdapTT

• Alternative presentation of type variables?

• Experimental implementation

• Explore instances of the framework (cumulativity, subset types, records…)

• More category theory
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Structural casts ↔ Functorial type formers

We can design better coercions…

… but we have to push conversion beyond mere computation!

Thanks!
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