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If F = G then there exists M such that
e FFEFMEG
« voc(M) C voc(F) nvoc(G)

AABEBv(A—C) ~> AABFBFBvV(A—CO)

A property of sorts (ask Noam for the categorical view)... which logicians

Alexis (a logician): “It would be cool to prove an interpolation theorem for dependent types!”
Me (a type theorist): “Sure, how does an interpolation proof look like?”

!
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PROOF-
F-RELEVANT INTERPOLATION

First we need the following lemma (cf. [Prab5, Cor. 3, p- 547).

exists a chain f=tg> oo 7 In of successive subterms of t such tha

(ie. tnEvE where vis @ pariable or @ constant (01 x)).

.8-calculus doesn’t have constants then tn is a variable.

Internal la

o constant ( for some p-normal terms U, V)

0 or a constant of type 0-

Great! Or?

Lemma 3.5. For a free 1-calculus (1o additional equations put with constants )
the following holds: let t€ be a p-normal term which is one of : wils), s, 0% Us
yv; S, £C(s) or an atomic term (ie a variable or @ constant (o7 x)). Then there
¢ they are in
the following relation: for every 0gi<n, b is one of ch(t,»ﬂ), fioy 'ty OX U y-U;
1,41 (for some u, v, X and y) or ti=8 (ti+ ) and moreover tn is an a

In particular if the term t is not * then tx is not *. S0, if in addition the

Furthermore, by C-normality we have: if t, =dx-t y-vstn then the above
chain t=to> Lty s actually just t=8x-u, Y Uil and tq IS either X

Similarly, by E-normality, if t,,_lsz(t,,) then t=28(t1) and ty is @ vari




PROOF-RELEVANT| Case 6: (In this

case only,
Y-v; s or t=¢(s) where

ma 35 e have thyt a chain of immediate subterms:
tst0>t1>...>ti>...>t,, such that tp, i

nt 1 Sm(xFi ey o L =xEF2 o8,
for some p-norm,

il constants and ¢

al terms 5 and v sip,

or
ce in the calculus we don’t hg
*,

Subcase 6.1.7 . =
If x: A Lem Let ¢ be like the ¢

€M ¢ expect that j¢ hag x&: instead of Z,—; (notice however,
. that ¢ cap contain xixEz) gy rt (m;(xE1 *%2)/xE), The complexity of ¢ jg lower
3] then the complexity of L, 80 we can apply the induction hypothesis on
.y (I’U{xE"}DZ') and the partitiop T, xE*=(1],fo)u1‘2. Then by the induction
1] hypothesis thep exist (I3, xF>R4) and (7, V>89 sue that
o I
voc( U=r .= SR/y), At UEi)“ﬂ(Tz'UC*L A7 s(n; UE,-)‘ﬂU?UC“)-
Recall that x# x5, isin I3, So we define 7= R (1, (xE1 ), s=5 and A stays
the same anq We can check that the lemma jg satisfied. Firgt.
lla B R AEN =50y,
Interna .
The second and third part of the conclusion are satisfied since Eic(E, X E,)
where 5= +, —. It is obvious that the stronger hypothesis gives th
Great! Or? Y instead of the €quality.
reat! : :

€ reduction







THAT’S JUST NEUTRAL TERMS!

Ax.t

tu

~ | ~



THAT’S JUST NEUTRAL TERMS!

Why neutrals/normals?

Ax.t

tu

~ | ~



THAT’S JUST NEUTRAL TERMS!

Why neutrals/normals?
Because they represent equivalence classes for =g

Ax.t

tu

~ | =~



THAT’S JUST NEUTRAL TERMS!

~

* @, u) Axt

Why neutrals/normals?
Becatise-they-represent-equivalence-classes

Because they have a good — formulas always come from somewhere
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ENTER BIDIRECTIONAL TYPING

Normal/checking forms ¢, u, --- € Nf(T, A)

T'Hi<A I'u<B ILx:A+t<B T'Hiv A A=B
F'*<aT I'(t,u)<«AxB I'-Axt<A—>B '~t<B

Normal forms check, neutrals infer

Neutral/infering forms t,u, -+ € Ne(T, A)

(x:A) el THp>AxA, 'i>A—> B 'u<A
x> A I'kpiv A '~tuvrB
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THE PLAN

Normalisation
Forany term ' =1t : A, there exists /" such that ' =/" < A and t w*ﬁ

Logical relations/reducibility/..., nothing new

Interpolation

Assume a partitioned contextI' = I'y u IT;.
Given any ' -1 < T, there is a type M and terms I's = [ : M and T;.(x: M) = : T such that r[l] =
and voc(M) C voc(Ts) n (voc(Ty) u voc(T)).

Mutual induction: given any I" = > T, either
« voc(T) C voc(Ts), and we have a type M and terms T; =1 : M and T'.(x: M) =1 : T such that
r[l] = ¢ and voc(M) C voc(T) n voc(Ty).
« orvoc(T) C voc(T;), and we have a type M and T =1 : M and T;.(x: M) =1 : T such that
r[l] = and voc(M) C voc(T) n voc(T}).



AND SuMs?

I'—t:L I's:A+B T(x:A) b :T I(x:B)F0b,:T
T+ raiset: T T +if(s,b,b,) : T




AND SuMs?

The elimination rules are very bad. What is
catastrophic about them is the parasitic
presence of a formula T which has no structural
link with the formula which is eliminated.
- Proofs and Types
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I'Hip L T(x:A)Fb<T I(x:B)F0b,«T
I'~ <A '~ «T

Good subformula property, although not canonical representatives

Normalisation up to  and

(raiset) u ~* raiset

if(t, b, b)) u  ~* if(t,b; u,b, u)

Normalization by Evaluation for Call-By-Push-Value and Polarized A-Calculus (Abel et al. 2019)



A NEW ENTRY IN THE CURRY-HOWARD DICTIONARY?

“Cut-free proofs have a good subformula property... but complicates it

“Bidirectional typing works well for normal forms... but complicates it”



A NEW ENTRY IN THE CURRY-HOWARD DICTIONARY?

“Cut-free proofs have a good ... but complicates it.”

works well for normal forms... but complicates it.”

Where can we take this? Could it be useful in other places?



A NEW ENTRY IN THE CURRY-HOWARD DICTIONARY?

have a good subformula property... but sum elimination complicates it

“Bidirectional typing works well for ... but pattern-matching complicates it.”

Where can we take this? Could it be useful in other places?

Thank youl!

All formalised in Roca, there’s a paper at ITP *26


https://github.com/MevenBertrand/interpolation
https://hal.science/hal-05526634

