INJECTIVITY OF TYPE CONSTRUCTORS

Implementation of type theory seminar — March 10" 2026
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We keep telling the world they should verify their critical code...
A lot of the verification ecosystem relies on proof assistant kernels...

The programs are (relatively) simple...

But the reasons why they work are complicated!
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« METAROCQ: Rocq in Rocq

» Martin-L6f a la Coq: a place to experiment

Today: some things I've learned to care about there
Main reference: What Does It Take to Certify a Conversion Checker? (FSCD 2025)
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Specification
Rules for each term/type former
(I, 2,1d, U, N, L...) +

I't:T TT=T
F't¢t:T

Algorithm

: rules for each term former
integrate (some) conversion.
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INFORMATION MusT FLow

Inference and checking

I' =1t : A separates into

inference: I' =7 > checking: I' =7 A

Similar “meaning”, different operational modes: input/ /

McBride: A rule is a server for its conclusion and a client for its premises.

» Modes guide invariant preservation
« In a conclusion, you assume inputs are well-formed, and outputs are

« In a premise, you ensure inputs are well-formed, and outputs are



CONVERSION

Declarative specification

mixing:
 Refl./Sym./Trans.

« Congruences

Computation (f)

Extensionality (n)



CONVERSION

Declarative specification

Arbitrarily mixing:
 Refl./Sym./Trans.
« Congruences
« Computation (B)
« Extensionality (n)

Typed!

Type-directed algo.

Alternate
1. B-reduction to whnf
2. -directed n

3. congruences



CONVERSION

Declarative specification Type-directed algo. “Untyped” algo.
Arbitrarily mixing: Alternate Alternate
 Refl./Sym./Trans. 1. B-reduction to whnf 1. B-reduction to whnf
» Congruences 2. -directed n 2. -directed n
» Computation (f) 3. Head congruences 3. Head congruences

- Extensionality (n)

Typed!



CONVERSION

Declarative specification

Arbitrarily mixing:
 Refl./Sym./Trans.
« Congruences
» Computation (f)
« Extensionality (n)

Typed!

Type-directed algo.

Alternate
1. B-reduction to whnf
2. Type-directed n

3. Head congruences

+ closer to specification
+ supports fancier rules

- slower

“Untyped” algo.

Alternate
1. B-reduction to whnf
2. Term-directed n

3. Head congruences

+ faster
+ simpler (?)

- further from spec.



COMPARING COMPARISONS

Type-directed conversion

x:N->NFx=x:

10



COMPARING COMPARISONS

Type-directed conversion

XxN=>NyNFxy=xy:

x:N->NFx=x:

10



COMPARING COMPARISONS

Type-directed conversion

x:N—=N,y:NF

x:N->NFx=x:

10



COMPARING COMPARISONS

Type-directed conversion

x:N =N, y: N~

Q

x:N—=N,y:NF

xN->NFx=x:

10



COMPARING COMPARISONS

Type-directed conversion

(e:N->N)ex:N—->N,y:N

XxN-=>NyNFx=x:N->N

xxN=>NyNFy=y:N
: N

x:N =N, y: N~

Q

x:N—=N,y:NF

I

xN->NFx=x:



COMPARING COMPARISONS

Type-directed conversion

(e:N->N)ex:N—->N,y:N

x:N = N,y: N~

=x:N->N xN-=>NyNrFy=y:N

x:N - N,y: N+ = : N

x:N—=N,y:NF =

Term-directed conversion

xN->NFx=x:
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When is this valid?
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THE PLAN




WHAT’S IN A DECISION PROCEDURE?

P:D—->P

p:D—>B

12



WHAT’S IN A DECISION PROCEDURE?

P:D—->P

0. decidability: (p d = true) v (p d = false)

p:D—>B

12



WHAT’S IN A DECISION PROCEDURE?

P:D—->P

0. decidability: (p d = true) v (p d = false)
1. soundness: pd = true = P d
2. completeness: P d = p d = true

3. profit!

p:D—>B

12



WHAT’S IN A DECISION PROCEDURE?

P:D—->P

0. decidability: (p d = true) v (p d = false)

—

. soundness: pd =true = P d

N

. completeness: P d = p d = true

p:D—>B

12



WHAT’S IN A DECISION PROCEDURE?

P:D—->P <

0. : (pd =true) v (pd = false)

—

. soundness: pd =true = P d

N

. completeness: P d = p d = true

w

. profit?

p:D—>B

12



WHAT’S IN A DECISION PROCEDURE?

P:D—>P < p:D

0. : (pd =true) v (pd = false)

How do you know that the type-checker terminates?
1. soundness: pd =true = P d

Look at the trace of the type-checker

N

. completeness: P d = p d = true

w

. profit?

12



WHAT’S IN A DECISION PROCEDURE?

P:D—>P < p:D

0. : (pd =true) v (pd = false)

How do you know that the type-checker terminates?

1. soundness: pd = true = P d
Look at the trace of the type-checker

2. :Pd= pd=true

w

. profit?

12
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NEUTRALS AND NORMALS

The least amount of information on a term that is stable by conversion

(Weak-head) normal forms

Canonical forms, or neutrals

nf f| = canfvnef

(Weak-head) neutrals

Elimination, blocked on a variable

nen| = x|nt|mn|mn]|recy(n xtt,xyt)]..

x:IN = NxN,... - recy(m(x 7), P, by, bg) : P

can f| £ U|Mx:tt|N|Zx:tt|Ax:tt|0|SE) | @0)] ...
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THE GOOD PROPERTIES

Injectivity and no-confusion of type constructors

IfT =T =T and T,T’ are weak-head normal form, then:

e T=N=T’
eorT=IIx:ABT =Ilx:A’ B ,withTHA"=2=Aand,x:A’-B= B
e Or ...

e or T, T” are both neutral,and ' =T =T’ : U

Any non-diagonal case is impossible (no-confusion).

Note: easy to break! Even in a consistent system!

15



THE GOOD PROPERTIES

Injectivity and no-confusion of type constructors

Injectivity and no-confusion at N

IfT'—n=n’:Nandn,n” are weak-head normal forms, then:

en=0=n'
e orn=S(),n" =St"),withT mt=1¢":N

o orn,n’ are both neutral.
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THE GOOD PROPERTIES

Injectivity and no-confusion of type constructors
Injectivity and no-confusion at N
Injectivity and no-confusion at

Injectivity of neutral eliminators®
IfT’'—n=n’:Tandnandn’ are neutrals, then
en=x=n'
eorn=mu,n =m’ v withm=m’ andu =u’

« orn = recy(m, x.P,ty, x.y.ts),n’ = recy(m’, x.P’, 1y, x.y.t5), and ...

* More on this in a moment
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THE GOOD PROPERTIES

Injectivity and no-confusion of type constructors
Injectivity and no-confusion at N
Injectivity and no-confusion at I/

Injectivity of neutral eliminators®

* More on this in a moment
Deep normalisation

Every well-typed term is deeply normalising at its type.
Every well-formed type is deeply normalising.

15
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POSITIVE SOUNDNESS

Should be easy, right? All algorithmic rules are also valid declaratively and tada!
Problem: we don’t want to re-check everything all the time...

Invariants: A rule is a server for its conclusion and a client for its premises
+ no need to re-validate things all the time

- need to establish invariants

Main lemma = subject reduction (also called preservation, etc.)

TTAT» 1 =2THT=T

16



WHY Is SR HARD?

Generation: eventually, you hit a proper structural rule

I'x:A’+—t:B
I'-Axt:IIx:AB THu:A
Have I'—(Axt)u: Blu]
T, —t: I'—u:A

Want I'—Axt)u=tu] : Blu]
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WHY Is SR HARD?

Generation: eventually, you hit a proper structural rule

I'x:A’+—t:B
I'-Axt:IIx:AB THu:A
Have I'—(Axt)u: Blu]

T, —t: I'—u:A
Want I'—Axt)u=tu] : Blu]

Note: only uses injectivity, no-confusion is used for progress: every term is a whnf or can reduce
(ie there are no weird stuck things like 7y (A x.t) or 0 u)
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INVARIANT FOR NEUTRAL INFERENCE

I'-n=npop
What are the invariants?

Precondition T is well-formed; n,n” are well-typed (but not necessarily the same type)
Postcondition Tn=n": A
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INVARIANT FOR NEUTRAL INFERENCE

I'kn=n»
What are the invariants?

Precondition T is well-formed; n,n” are well-typed (but not necessarily the same type)
Postcondition Tn=n": A

Also needs injectivity...

Positive soundness is already tricky

18
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Show every algorithmic step is invertible: the set of premises is necessary for the conclusion
If we reach a contradiction, the original problem also had no solution
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NEGATIVE SOUNDNESS

Show every algorithmic step is : the set of premises is necessary for the conclusion
If we reach a contradiction, the original problem also had no solution

Won’t show it again, but invariants all over the place

But now also injectivity for terms: all the congruences we apply are invertible!
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NEUTRAL INJECTIVITY

Injectivity of neutral eliminators?
IfT'—n=n’:Tandnandn” are neutrals, then
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O Olfcos
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NEUTRAL INJECTIVITY

Injectivity of neutral eliminators?

IfT'—n=n’:Tandnandn” are neutrals, then
. n:x:n/
corn=mun =m’ v withTFmz=m’ :[Ix:ABandTHu=u': A

O Olfcos

Does not always hold!

Y IN->T)xTEHx=y: N>T)xT

AGDA LEAN Roca
Type-directed Term-directed Term-directed
Short path for neutral functions Detect unit-like types Forbid unit-like types
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Positive Negative soundness  Negative soundness

; : Terminati
soundness  (typed conversion)  (untyped conversion) ermination

Injectivity of

X X X X
type constructors
.T?rm'—le'zv.el <" «*
injectivities
Normalisation X

’ Subtlety for neutrals
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Positive ~ Negative soundness ~ Negative soundness

soundness  (typed conversion)  (untyped conversion) e

Injectivity of

X X X X
type constructors
Term-level X’ X’
injectivities
Normalisation X

Claim/conjecture: this analysis scales to realistic proof assistant kernels
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How TO PROVE THE PROPERTIES?

Logical relation

Rewriting/Confluence

Gluing/Nf Model

Domain model

[AOV17; PMT26] [Tak95]/METAROCQ [Ste21; BKS23] [CH18]
Syntax Raw Raw Intrinsic Raw (Intrinsic?)
ambia\r:‘{e:lhk. X v X v
Normalisat® v/ X 4 X
Scaling 4 ? ?
n laws v X v v

Most explored

Insane scaling

Formalisation
currently difficult

Very unexplored

22



Thank you!
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